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Analysis statistical information
This document is targeted to Analysts and Supervisors who use CoBo Forecasts to
inspect, create, and manage crop yield forecasts.
The aim is to provide detailed statistical information by describing the formulas and the
indicators that are used in the analysis and how these work.
Tip:
Please refer to the CoBo Forecasts User Guide for detailed information on how to use
CoBo to create and manage crop yield forecasts.

The document is organized into the following sections:
• Analyzing the results on page 5
• Regression Analysis - Log File contents on page 6
• Scenario analysis - Purpose on page 22
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Analyzing the results
Once your analysis is completed, CoBo provides a link to the log file (which is available in
the CST Regression, the Regressions on Residuals, and the Scenario analysis). The
following shows the CST Regression window:

Note:
For further information on how to create and manage the analysis, please refer to the
CoBo Forecasts User Guide, chapter Creating and managing forecasts > Step 3 Creating the preliminary forecasts > Create regressions.

By clicking show log, a file opens that includes detailed information on the model. You
can locally save the file.
This topic describes in detail the contents of the log file (Regression Analysis) that you
can display after completing your analysis.
For further information:
• Regression Analysis - Log File contents
• Scenario analysis - Purpose
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Regression Analysis - Log File contents
The following table shortly describes the main sections/graph in the log file and links to
the detailed description where, besides the description, all the formulas are provided:
Table/Graph

Description

Description of regression
model

The main parameters that have been set for the
regression analysis (Start, End, and Target years,
indicators, type of trend, and so forth).

Summary statistics

See “Summary Statistics” on page 7 for a detailed
description of all indicators. The formulas are
provided, as well.

Regression coefficients

See “Regression Coefficients” for a detailed
description of all coefficients.

Case statistics

The observed and fitted values of regression
analysis, the ordinary residual, the leverage and the
influence of the target year prediction. See “Case
Statistics” on page 14

Diagnostic Plots:
• Observed and Fitted values
vs. Year
• Residuals vs. Fitted
• Residuals vs. Years
• Leverage vs. Years
• Influence on Prediction
Years
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See section “Diagnostic Plots” on page 15 for a full
list of plots with the relevant description.

Summary Statistics
Indicator

Description

R-squared

The R-squared (R2) is called Coefficient of Determination (Weisberg,
2005) and is defined as the percentage (over the total) of explained
variance by the regression model. It provides information on the
strength of the relationship between the output data (in this case the
statistical yield) and the regressor(s). It's defined as:

𝑅2 =

𝑆𝑆𝑅
𝑆𝑆𝑇

where:

SSR = Sum of the squared differences between the yield predicted
with the model and the mean yield for each year.

SST = Sum of the squared differences between the observed yield
and the mean yield for each year.
Adjusted R-squared

Sometimes denoted, as Ṝ2 is the adjusted percentage variance
explained. This is a modification of R2 that adjusts for the number of
explanatory terms in a model. Unlike R2, the adjusted Ṝ2 increases
only if the new term improves the model more than would be
expected by chance. The adjusted Ṝ2 can be negative, and will always
be less than or equal to R squared. The adjusted Ṝ2 is defined as:
𝑅̅2 = 1 − (1 − 𝑅2 ) ∗ [

𝑛−1
𝑘
] = 𝑅2 − (1 − 𝑅2 ) ∗ [
]
𝑛−𝑘−1
𝑛−𝑘−1

where:

n = Sample size
k = Total number of explanatory variables in the model (not including
the constant term).
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Residual Standard
Deviation

The square root of the residual mean square (or mean squared error).
It is the standard deviation of the residuals (residuals = differences
between observed and predicted values). It is calculated as follows:

𝑆𝑟𝑒𝑠 = √

∑(𝑌𝑜𝑏𝑠 − 𝑌𝑒𝑠𝑡 )2
𝑛−𝑘−1

where:

𝑌𝑜𝑏𝑠 = yield observed
𝑌𝑒𝑠𝑡 = yield estimated
Root mean squared
error for prediction
(RMSE)

Defines ei as the difference between the ith observation and the
predicted value for the ith observation:

̂
𝑒𝑖 = 𝑌𝑜𝑏𝑠,𝑖 − 𝑌𝑒𝑠𝑡
(𝑖),−𝑖
where:

̂
𝑌𝑒𝑠𝑡
(𝑖),−𝑖
is based on a model fit to the remaining observations (i.e., without
the ith observation). Then, it is calculated as:

𝑅𝑀𝑆𝐸 = √

∑(𝑒𝑖 )2
𝑛−𝑘−1

This is sometimes called the PRESS residual or the leave one out
residual. The root mean squared error for prediction is the root of
the mean value of all the squared estimated errors ei.
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VIF (Variance Inflation
Factors) and Maximum
of VIF

It is possible that a large correlation among the predictor variables
used in the regression analysis is detected. This characteristic is
called multicollinearity that can have effects on our regression
analyses and subsequent conclusions (i.e., the variance of the
estimated regression coefficient is inflated by the multicollinearity).
In order to check if the multicollinearity is present in the data
submitted to regression, the VIF (Variance Inflation Factors) is used.
If the follow linear regression model with X1, X2,... correlated
predictors is considered:

𝑌𝑜𝑏𝑠 = 𝛽0 + 𝛽1 𝑋1 + 𝛽2 𝑋2 + ⋯ + 𝜀
the Variance Inflation Factor for the ith predictor is:

𝑉𝐼𝐹𝑖 =

1
1 − 𝑅𝑖2

where:

𝑅𝑖2
is the R2-value obtained by regressing the ith predictor on the
remaining predictors:

𝑋𝑖 = 𝛽0 + 𝛽1 𝑋1 + 𝛽𝑖−1 𝑋𝑖−1 + 𝛽𝑖+1 𝑋𝑖+1 + ⋯ + 𝜀
Note that a variance inflation factor exists for each of the i predictors
in a multiple regression model. The VIF is a measure of how much
the variance of the estimated regression coefficient is inflated by the
correlation among the predictor variables in the model. If VIFi = 1
means that there isn’t correlation among the ith predictors and the
remaining predictor variables, so the variance of βi is not inflated at
all.
The maximum of VIF is the maximum of the inflation factors for the
indicators (i.e., the inflation factors for the constant and the time
trend effects are not taken into account).
If it is high (more than 5), it indicates that 2 or more indicators are
linearly dependent. It means that a model with a high maximum VIF
is probably a “bad” model that overfits the observations.
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Standard Error of
Prediction (Mean):

Is the standard error of the mean yield prediction 𝜇̂ 𝑋 for the target
year X = X0. Indeed, the estimation of the coefficients for various
indicators in a regression model produce uncertainty, also in the
estimated mean yield.
The Standard Error for Mean is given by:

1
(𝑋0 − 𝑋̅)2
𝑆𝐸 ( 𝜇̂ 𝑋 ) = 𝜎̂√ +
(𝑛 − 1)𝑆𝑋2
𝑛
where:
n = number of observations, Yi the ith observation, Ŷi the predicted
value for the ith observation and:
• Residual Standard Deviation (1):
𝜎̂ = 𝑆𝑟𝑒𝑠 = √

1
∑( 𝑌𝑖 − 𝑌̂𝑖 )2
𝑛−2

• Sample Variance of X’s (2):

𝑆𝑋2 =

10

CoBo - Log File Contents

(∑ 𝑋𝑖 )2
𝑛
𝑛−1

∑ 𝑋𝑖2 −

Standard Error of
Prediction (New)

The standard error of the individual yield prediction for the target
year (i.e., given the values for the indicators in the target year).
Indeed, it is possible estimate an individual’s response for the target
year at X = X0 and the uncertainty, in terms of Standard Error, can
be estimate.
The Standard Error for prediction Y at X = X0 is given by:

𝑆𝐸 ( 𝑌̂𝑋 ) = 𝜎̂√1 +

1
(𝑋0 − 𝑋̅)2
+
(𝑛 − 1)𝑆𝑋2
𝑛

where 𝜎
̂ and 𝑆𝑋2 are reported in (1) – Residual Standard
Deviation and (2) Sample Variance of X’s in the previous page.
The following equality holds:
2
𝑆𝐸 (𝑌̂𝑋 ) = 𝑆𝐸 (𝜇̂ 𝑋 )2 + 𝑆𝑟𝑒𝑠 2

(i.e., Standard Error of Prediction (New)2 = Standard Error of
Prediction (Mean)2 + ResidualStandardDeviation2).
This formula tells us that the uncertainty in the prediction for an
individual year is the sum of the uncertainty in the regression line
and the uncertainty in the observations done in the target year.
Residual Degrees of
Freedom

The number of degrees of freedom for residual (i.e., the number of
observations minus the number of constraints - in this case no. of

ˆ
i , including the estimated constant
estimated coefficients

0

)

If k = number of indicators (regressors) in the model and n = number
of observations, the residual degrees of freedom is:

𝜈 = 𝑛−𝑘−1
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F Statistic

This statistic is part of the output in a F-test and can be used to
compare regression models. The formula for this statistics is
calculated dividing the variance explained by the model and the
variance unexplained as follows:

𝑆𝑆𝑅
𝑀𝑆𝑅
𝑝
𝐹=
=
𝑆𝑆𝐸
𝑀𝑆𝐸
𝜈
The quantity SSR
to the model.

(Regression Sum of Squares) is the variance due

It’s calculated as sum of the squared differences between the
predicted yield and the mean yield for each year.
The number of degrees of freedom associated with SSR is p = (k –
1).
The MSR (Regression Mean Square) is obtained by dividing the
regression sum of squares by the respective degrees of freedom as
follows:

𝑀𝑆𝑅 =

𝑆𝑆𝑅
= 𝑆𝑆𝑅
1

The quantity SSE (Residual Sum of Squares of Error Sum of
Squares) is the variance that is not explained by the model. It’s
calculated as sum of the squared differences between the observed
yield and predicted yield for each year.
The number of degrees of freedom associated to SSE is

𝜈

= (n-k).

The MSE (Error or Residual Mean Square) is obtained by dividing
the sum of squares by the respective degrees of freedom:

𝑀𝑆𝐸 =

𝑆𝑆𝐸
𝜈

Finally, the quantity SST (Total Sum of Squares) is the total variance
of the observations. It's calculated as sum of the squared differences
between the observed yield and the mean yield for each year.
The value q = n - 1 is the number of degree of freedom associated
with the total variance.
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The MST (Total Mean Square) is obtained by dividing the sum of
squares by the respective degrees of freedom. The formula is as
follows:

𝑀𝑆𝑇 =

𝑆𝑆𝑇
𝑞

The total variance of the observation can be written as:

𝑆𝑆𝑇 = 𝑆𝑆𝑅 + 𝑆𝑆𝐸
and

𝑞 = 𝑛−1=𝑝+𝜈

F-Probability

Linked to the F-value there is an F probability (p - value).
Lower is the p - value and higher is the probability that the values of
the estimated coefficients are true (i.e. that a relation does exist
between the statistical yield and its predictors).
According to the literature the threshold for the significance of pvalue is 0,05 or 0,01 (i.e., if a calculated p-value < 0,05 (0,01) does
exist the relation between the variables involved in the regression
analysis).

See also:
• Case Statistics
• Diagnostic Plots

Regression Coefficients
The multiple regression coefficients 𝛽0 (𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡), 𝛽1 , 𝛽2 , …. are estimated using
the least square criterion.
For each estimated coefficient, also the estimation of Standard Error is calculated.
The Standard Error for the Intercept (𝛽0 ) is given by:
13

1 – ANALYSIS STATISTICAL INFORMATION

1
𝑋̅ 2
√
(
)
𝑆𝐸
𝛽0 = 𝜎̂
+
(𝑛 − 1)𝑆𝑋2
𝑛
Where 𝜎̂ is the Residual Standard Deviation and 𝑆𝑋2 is the Sample Variance of X.
The Standard Error of the Regression Coefficient (𝛽𝑘 ) is a measure of the amount of
sampling error in the estimation of the coefficient. If (𝑏𝑘 ) is a point estimate of (𝛽𝑘 ), the
formula is given by:

𝑠𝑏𝑘 =

𝑆𝑒

√(1 − 𝑅𝑋2𝑘,𝐺𝑘 ) ∗ 𝑆𝑋2𝑘 ∗ (𝑛 − 1)

Case Statistics
This area shows the observed and fitted values of the regression analysis, the ordinary
residual, the leverage and the influence of the target year prediction.
The following shows an example:
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See also:
• Summary Statistics
• Regression Coefficients

Diagnostic Plots
Set of plots for checking the quality of the regression analysis results.
For an example of each and the relevant description, see:
• Observed and Fitted values vs. Year on page 16
• Residuals vs. Fitted on page 17
• Residuals vs. Years on page 18
15
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• Leverage vs. Years on page 18
• Influence on Prediction Years on page 20

Observed and Fitted values vs. Year
The following shows an example:

The plot allows checking the observed and fitted yields.
Note that only the predicted value is displayed for the target year: therefore, you can
compare the prediction with the observed yields only in the previous years.
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Residuals vs. Fitted
The following shows an example:

The plot shows whether or not the data have a linear pattern. If the residuals are
symmetrically distributed and are homogeneous around a horizontal line without
distinct patterns, this means that there is not a non-linear relationship. Otherwise, if
there are some patterns in the residuals, it means that there is a non-linear relationship.
Moreover, if the residuals get larger as the prediction moves from small to large (or
from large to small), it means that the variance of the observations is not homogeneous
(heteroscedasticity). See page 140 of the document indicated in (*) Sources: on page
20).
The residual plot is useful for the outliers’ detection, as well.
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Residuals vs. Years
The following shows an example:

The ordinary residuals plot versus year shows if the residuals have a relationship with
year. A linear or quadratic plot might indicate that a time trend should be added to the
model. The plot can also reveal that the variance is changing with time, or that residuals
are correlated. (See page 149 of the document indicated in in (*) Sources: on page 20).

Leverage vs. Years
The following shows an example:
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This plot can be used to identify observations that are potentially influential. The
observations with high value of leverage are potentially influential because these
observations have indicators with high values if compared to the rest of the
observations.
Leverages larger than 2p/n (where p is the number of regression coefficients and n is the
number of observations) are generally considered as points with high values of leverage.
(See page 209 of the document indicated in in (*) Sources: on page 20).
A leverage points has remote values for the indicators, but the regression line does not
change much by deletion of the leverage point.
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Influence on Prediction Years
The following shows an example:

The influence on the target prediction versus year plot shows the effect of deleting
individual observations on the predicted value for the target year. A point can be
influential on the regression model as a whole, but have a small target prediction
residual.
(*) Sources:
McCullagh, P. and Nelder, J.A. (1989) - Generalized Linear Models, second edition. Champang and
Hall. London

Related topics:
• Observed and Fitted values vs. Year on page 16
20

CoBo - Log File Contents

• Residuals vs. Fitted on page 17
• Residuals vs. Years on page 18
• Leverage vs. Years on page 18
• Influence on Prediction Years on page 20

See also:
• Scenario analysis - Purpose on page 22
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Scenario analysis - Purpose
The scenario analysis consists in finding the most similar agro-meteorological years
basing on the time series of parameters simulated by the CGMS.
The analysis is based on Principal Component Analysis (PCA) and Cluster Analysis (CA).

Principal Component Analysis: definition and purpose
The Principal Component Analysis (PCA) is a technique to reduce the dimensionality of a
data set 𝑥̅ consisting of a large number of variables, keeping as much as possible of the
information (in terms of variation) present in the data.
The PCA gives a new combination of independent variables, the principal components
(PCs); these are not correlated and, in general, the first few components retain most of
the variations present in all of the original variables [1].

Cluster Analysis: definition and purpose
The Cluster Analysis or clustering is a method for grouping a collection of objects in
order to have in the same group (or cluster) more similar objects than those contained
in other groups.
In the Scenario Analysis, only the Proximity matrix is produced a standard output of
Cluster Analysis.

Principal Component Analysis: output and results
This section is organized into the following sections:
• Descriptive Statistics
• Correlation Matrix
• Communalities
• Total Variance Explained
• Scree Plot
• Component Matrix
• Factor Plot
22
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• Score Plot
• Cluster Analysis - Proximity Matrix

Descriptive Statistics
In the standard output of PCA, one of the first results shown is represented by the list of
arithmetic Mean 𝑥̅ (1) and Standard Deviation 𝑆x̅ (unbiased) (2) calculated by agrometeo indicator selected for the analysis. In addition, the number of years selected for
the analysis (n) is reported (see Table 1 for an example of output).
∑𝑛
𝑥
𝑥̅ = 𝑖=1 𝑖
(1)
𝑛

𝑆𝑥̅ = √

2
∑𝑛
1 (𝑥𝑖 −𝑥̅ )

(2)

𝑛−1

Descriptive Statistics

̅)
Mean (𝒙

Std. Deviation (𝑺𝐱̅ )

Analysis (n)

CGMS18WofostmodelindicatorsDVS13

5.78

1.05

27

CGMS18WofostmodelindicatorsDVS14

12.89

1.95

27

CGMS18WofostmodelindicatorsWLYB12

25.93

6.97

27

CGMS18WofostmodelindicatorsWLYB13

125.09

48.14

27

CGMS18WofostmodelindicatorsWLYB14

575.30

198.18

27

CGMS18WofostmodelindicatorsWLYB15

1686.45

331.66

27

Table 1 - Descriptive Statistics

Correlation Matrix
The components of data matrix X could have measurement units similar; moreover, they
could be homogeneous in terms of calculated variances. In this case the PCA is based on
a covariance matrices.
23
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If the components of X have quite different unit measurements (i.e. the variables are
measured on heterogeneous scales) and/or variances heterogeneous it is reasonable to
standardize the measures of X, performing a PCA based on a correlation matrix [2].
The PCA developed for CoBo considers the measures (variables) as shifted in order to be
zero-centered and scaled so that unit variance before analysis takes place.
An example of this output is reported in Table 2: the Pearson correlation matrix
(symmetric and positive definite) for the set of inputs variables is calculated. The
Pearson linear correlation coefficient between the variables is the following (3):

𝑟=

∑𝑛
̅)
1 (𝑥𝑖 −𝑥̅ )(𝑦𝑖 −𝑦

(3)

𝑛
2
̅)2
√∑𝑛
1 (𝑥𝑖 −𝑥̅ ) √∑1 (𝑦𝑖 −𝑦

where xi, yi represent two different variables selected and 𝑥̅ , 𝑦̅ represent their
arithmetic means.
Correlation Matrix
CGMS18Wof CGMS18Wof CGMS18Wof CGMS18Wof CGMS18Wof CGMS18Wof
ostmodelind ostmodelindi ostmodelindi ostmodelindi ostmodelindi ostmodelindi
icatorsDVS catorsDVS catorsWLYB catorsWLYB catorsWLYB catorsWLYB
13
14
12
13
14
15
MS18Wofostmodeli
ndicatorsDVS13

1

0.77

0.41

0.79

0.87

0.82

MS18Wofostmodeli
ndicatorsDVS14

0.78

1

0.47

0.67

0.84

0.83

MS18Wofostmodeli
ndicatorsWLYB12

0.41

0.47

1

0.67

0.55

0.54

MS18Wofostmodeli
ndicatorsWLYB13

0.79

0.67

0.67

1

0.93

0.79

MS18Wofostmodeli
ndicatorsWLYB14

0.87

0.84

0.55

0.93

1

0.90

MS18Wofostmodeli
ndicatorsWLYB15

0.82

0.83

0.54

0.79

0.90

1

Table 2 - Correlation Matrix
24
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Communalities
This is the proportion of each variable’s variance that can be explained by the principal
components (e.g., the underlying latent continua). It is also noted as h2 can be defined
as the sum of squared factor loadings (or the square of the multiple correlation
coefficient)[3, 5].
2
ℎ𝑗2 = ∑𝑘1 𝑎𝑖𝑗

(4)

where ℎ𝑗2 is the sum of the squared factor loadings for the variable j. The Loading can
also be defined as the weight (importance) of the original variable on each principal
component.
Higher are the communalities, better the individual variables are explained by the single
factor. If the communalities for a variable are particular low, that variable maybe not
significant for each factor.
In the table's output, two columns are reported (see Table 3): in the “Initial” column the
value of the communality in the PCA is 1 by definition. In the “Extraction” column the
values representing the proportion of each variable's variance explained by the principal
components. This it means that variables with high values of communalities are well
represented in the space of the principal components.
Communalities
Initial

Extraction(h2)

CGMS12WofostmodelindicatorsDVS13

1

0.299

CGMS12WofostmodelindicatorsDVS14

1

0.296

CGMS12WofostmodelindicatorsWLYB12

1

0.417

CGMS12WofostmodelindicatorsWLYB13

1

0.372

CGMS12WofostmodelindicatorsWLYB14

1

0.355

CGMS12WofostmodelindicatorsWLYB15

1

0.318
25
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Table 3 - Communalities

Total Variance Explained
The Principal Component Analysis produces new variables, called Components, which
are orthogonal (independent) to each other. Each of these components explains a
certain percentage of overall data variability (i.e., when the data are projected on the
component, it reproduces a certain percentage of information, represented by the
variability).
The initial number of the components is the same as the number of variables used in the
component analysis; for each of them we can calculate and report the following
information on the variability (see Table 4):
• Total - In this column, the variance of the factors (eigenvalues) are reported (in the
example, 6 variables have been used, meaning that 6 components have been
calculated). Generally, they are sorted in descending order according with the value
of variance; the first factor will have the highest variance, the next one will account
for as much of the left over variance as it can, and so on. If the PCA is conducted on
the correlation matrix, the original variables are standardized with variance equal to
1. This means that the value of total variance is equal to the total numbers of original
values used in the analysis. The variance of the component (eigenvalues) is calculated
by solving the following eigenvalues equation [1]:

(𝕄 − 𝝀𝑰)𝒙 = 𝟎
where

𝕄

(5)

is the covariance matrix (non-singular and symmetric) of the original

variables x, I is the identity matrix (or unit matrix) and

𝝀

is the eigenvalues vector.

• % of Variance - In this column, the percentage of the total variance explained by each
component Ci is reported.

% 𝒐𝒇 𝑽𝒂𝒓 (𝑪𝒊 ) =

𝝀𝒊
x
∑𝒌
𝟏 𝝀𝒊

100

(6)

• Cumulative % - In the column, the cumulative percentage accounted for by the
current and all its preceding factors is reported.

26
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𝑪𝒖𝒎 (𝑪𝒊 ) % = ∑𝒊𝟏 % 𝒐𝒇 𝑽𝒂𝒓 (𝑪𝒊 )

(7)

Total Variance Explained
Total (𝝀𝒊 )

% of Var (Ci)

Cum (Ci)%

Component 1

4.68

77.9

77.9

Component 2

0.698

11.6

89.5

Component 3

0.32

5.3

94.8

Component 4

0.16

2.9

97.7

Component 5

0.16

2.3

100

Table 4 - Total Variance explained (%) by component and cumulative

Scree Plot
The ability of the PCs to explain the variation in the data can be graphically given by the
scree plot (see Figure 1 as an example).
In this graph, the eigenvalue against the number of the component is reported. This type
of graph is useful to identify which components are more or less informative. In fact,
when the line is almost flat and near to the 0 value, it means that each successive factor
is explaining smaller amounts of the total variance.
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Figure 1 Scree Plot

Component Matrix
In the Component Matrix table, the correlation coefficient of each component with each
of the original variables is reported (see Table 5). This example reports only the first
three components (that explain the 90% of the total variance). The coefficient (loading)
is calculated according with the following formula:

𝑟𝑖𝑗 = 𝑣𝑖𝑗
28
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√𝜆𝑗
𝑆𝑥̅ 𝑖

(8)

where 𝑣𝑖𝑗 i-th element of the j-th unit-length eigenvector of the covariance matrix, 𝜆𝑗
is the correspondent eigenvalue, which gives variance of this Component, and 𝑆𝑥̅ 𝑖 is
the standard deviation of the variable Xi. The loading represents the weight of each
variable on the components.
Component Matrix
Component 1

Component 2

Component 3

CGMS18Wofostmodelindic
atorsDVS13

0.89

0.26

-0.15

CGMS18Wofostmodelindic
atorsDVS14

0.87

0.21

0.39

CGMS18Wofostmodelindic
atorsWLYB12

0.66

-0.73

0.12

CGMS18Wofostmodelindic
atorsWLYB13

0.92

-0.15

-0.31

CGMS18Wofostmodelindic
atorsWLYB14

0.97

0.09

-0.11

CGMS18Wofostmodelindic
atorsWLYB15

0.93

0.11

0.12

Table 5 - Component Matrix for PCA

The correlation coefficient is a weight factor that allows computing the component
scores (scores); these are the coordinates (projections) of the observations on the new
space represented by the principal components. For each observation and each
component, the component score is computed by multiplying the case's standardized
variable values (computed using list wise deletion) by the component's score
coefficients (loadings) 𝑐ℎ𝑗 [6]:

𝑠𝑖𝑗 = ∑𝑘ℎ=1 𝑥𝑖ℎ 𝑐ℎ𝑗

with i=1,..,n ; j=1,...k

(9)
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Factor Plot
The factor plot is the graphic representation of the linear correlation reported in the
Correlation Matrix. In the space of the first two PCs (Figure 2), but also using other
combinations of PCs (Figure 3), the coordinates of the single point represent the
correlation of the variable highlighted with each of the two principal component
represented in the graph.

Figure 2 Factor plot of the first two Principal Components
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Figure 3: Factor plot of the first and third Principal Components

The more a single point (variable) has coordinates close to (1, 1) (that is, close to an
imaginary circle of radius 1), the more the variable is well explained by the
corresponding PCs.
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Score Plot
The score plot represents the projection of the original data in the space of the first two
PCs (Fig. 4), which explains the greatest variation in the data, but also using other
combinations of PCs (Fig. 5). The coordinates of each single point are calculated
according to the eq. (9). This type of plot is used to look for clustering (similarity among
points), outliers or time-based patterns.

Figure 4 - Principal Component plot of the first and second Principal Components
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Figure 5 Principal Component plot of the first and second third Components

Cluster Analysis - Proximity Matrix
The clustering procedure is based on the similarity or dissimilarity between pairs of
objects. Generally, this is measured using a distance as metric. There are several types of
distances (Euclidean, City-block or Manhattan metric, Mahalonobis, etc.).
The metric used in CoBo is the Squared Euclidean distance (10):
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𝑑(X, Y) = 𝑑((Y, X) = √∑𝑘1(𝑥𝑖 − 𝑦𝑖 )2

(10)

where X and Y represent two different observations (years in the example previously
reported).
An example of output for the proximity matrix is reported in Table 6:

1998

1999

2017

1998

0

d98,99

...

...

d98.17

1999

d99,98

0

...

...

d99,17

...

...

...

0

...

...

...

...

...

...

----

...

2017

d17,98

d17,99

...

...

0

Table 6 - The Proximity Matrix
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